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Today’s Learning Goals 


° Use proper notation to denote a sequence. 
° Understand how to find lower and upper bounds for sequences. 
° Determine if a sequence is monotonic. 


° Find limits of sequences when possible. 


Sequences 


À sequence is a function from the set of 
positive integers to the set of real numbers. 
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a, is calledthe n" term 
OR 


{An} n>1 = 1a4,02,03,...] 
LU (n) o = {f(0), F{1), f (2),...] 


The values of n are all positive integers, unless 
otherwise specified, e.g., starting from n=O in 
the third form above. 


Example: 


Find an expression for the general term of the 
sequence below: 
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m An upper bound of a set S is a number M that is p 
greater than or equal to each element in S. 
m [he smallest possible upper bound is called the 
least upper bound (l. B" — cf. the supremum. 
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m An upper bound of a set S is a number M that is < 
greater than or equal to each element in S. 


m [he smallest possible upper bound is called the 
least upper bound (l.u.b.) — cf. the supremum. 


m A lower bound of a set S is a number m that is 
less than or equal to each element in S. 


m Ihe largest possible lower bound is called the 
greatest lower bound (g.l.b.) — cf. the infimum. 
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À sequence is called monotonic if any one of the 
following statements holds: 


(i)a, <a,,, for all n (strictly increasing) (cf. non-decreasing) 
(ii) a, < a„„ for all n (monotonically increasing) (44 (cf non-decreasing) 
(iii) a, > a, ,, for all n (strictly decreasing) (cf. non-increasing) 
(iv) a, 2 a, , for all n (monotonically decreasing) (cf. non-increasing) 
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then L is the limit of this sequence. Pred rel 


If the sequence has a finite limit L, then the 
sequence is said to converge to L. 


Otherwise, the sequence is said to diverge. 
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Convergence Theorem ^ — Brod a 
If a sequence {An }„>o is monotonic and bounded, 
then it converges (to some finite limit L). 
If the sequence is increasing, then L=l.u.b.= Der st pfe e 
If the sequence is decreasing, then L=g.l.b.= arta |< L ower 
Equivalent statement: bonn 


An unbounded sequence diverges. 


Determine whether the sequence converges. 


Example A: If so, find the i n? | N^ 
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Determine whether the sequence converges. 


Example B: If so, find the limit.S-{ (— 3)" }n>1 | Ap= CN a 
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Determine whether the sequence converges 


Example C: If so, find the limit.,_f (—1)" E. 
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, Determine whether the sequence converges. 

Example D: If so, find the limit. f 2” à 7 
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Determine whether the sequence converges. 


Example E: If so, find the imit 6. sin (=)} 
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Example: Find the limit of the following sequence, 
if it exists: C= = 
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(Justify your answer carefully.) 
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Some Common Limits (memorize) 


8) If p is a positive integer, then: 
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Challenge problem on limits of 
sequences l: 
j E. s. =— n am 
that an = p^ | 
=" 1. ifn = 0. 


Does the sequence converge? If so, what is lim An ? 
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Challenge problem on limits of 
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Bonus problems on limits I: ^ Mi ne), 
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View Question: which of the following sequences converge? 
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Learning Goals 


* Understand what is meant by an infinite series 

* Understand the general rule of when an infinite series converges 
* Identify geometric series and find their sums 

° Identify telescoping series and find their sums 

* Determine convergence or divergence with the nth term test 


Recall: Limit of a Sequence 
Let fa, | be a sequence. If lima, = L, 
then L is the limit of this sequence. 


If the sequence has a finite limit L, then the 
sequence is said to converge to L. 


Otherwise, the sequence diverges. 
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Review of Sigma Notation 


Recall from the sections on Riemann sums that 
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finite Series 


\n infinite series is a sum of infinitely many terms: 
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Infinite Series 


An infinite series is a sum of infinitely many terms: 


>a =a, +4 +4, +a, +...+a, +... 
k=0 


The series converges if the E of partial sums converges. 
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Which of these series do you think converges? 


(That is, á priori — we will cover precise criteria for each case in the next slides.) 
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